Chuong 2: SUY DIEN BAYES

2.1. Cac phan phdi lién hop
Dinh nghia

Mot ho cac phan phdi tién nghiém m duge goi 1a lién hgp v6i mé hinh f (x | ) néu phéan phbi

hau nghiém cling thudc ho do.

Cé ba ho lién hop co ban nhu sau:

2.1.1. Hp Gamma lién hop véi mé hinh Poisson

Goi (X . ¢ n) 12 mot mau 14y tir phan phéi Poisson(#) v6i phan phéi Gamma(a, A) 1a phan phdi
tién nghiém cua 6.

Khi do:

7(x10)=T1/(x10)=]T% 6"" T

i i X!
Phan phdi tién nghiém Gamma ctia tham sé 6 ¢ dang:
7(0)~6" e’
Pay 1a mot ham ctia 8, mat d6 tién nghiém c6 dang tuong tu nhu mo hinh f (x | 6‘) .Paylay tuong
téng quat cta ho céc lién hop.
Khi 6, v6i diéu kién X = x, phan phdi hau nghiém cta 6 1a:
7(61x)~ £ (x]6)x(6)
~ (e”eé’zx" )(«9‘“6”)
_ emzx,qe_(“n)a

So sanh v6i dang tong quat ciia mat 6 Gamma, ta thdy rang 72(9 | x) 1a phan ph6i Gamma v&i

tham sO moi,

n
a, :a+2xi;ix =A+n
i=1

Nhan xét:

e Ho Gamma cua phan phdi tién nghiém lién hop véi mo hinh Poisson
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e Sau khi quan sat mot miu Poisson X = x, phan phdi tién nghiém Gamma(a,1) cia

6 duogc cap nhat bang phan phéi hau nghiém Gamma (a+ Y x;, A + n).
Vi du. S6 1an mat mang mdi tudn c6 phan phdi Poisson (). Ty 1é mit mang hang tudn khong duoc
biét chinh x4c, nhung theo kinh nghiém trudc ddy voi cac mang tuong tu cho thdy hang tuan co

trung binh 4 14n méat mang voi do 1éch chuén 1 2.
. . . o
Ton tai mdt phan phoi Gamma véi trung binh y = % =4vadj léch chuan o = w =2.Do d6 cac

tham sé a va A 1 nghiém cua hé phuong trinh:

(24

—=4

A N a=4
Vo _, 2=t
=

Vi vay, ta gia sir phan phdi Gamma(4,1) 1 phan phdi tién nghiém cuia tham s6 6. Pay 1a mot tién
nghiém lién hop boi vi phan phdi hau nghiém ciing thudc ho Gamma.
Gia str co X, =21an mit mang trong tuan nay. Khi d6, phan phdi hau nghiém cua 6 1a phan phdi
Gamma v6i cac tham s6 o, =a+2=64 =A+1=2.
Néu khong ¢6 1an nio méat mang xay ra trong sudt tuan nay, tham s6 ctia phan phdi hau nghiém
duoc cap nhat lai thanh: o, =a+2+0=6,4 =A+2=3.
Phén phéi hau nghiém c6 ti 16 mat mang trung binh hang tudn 1a 6/3 = 2 1an. Nhu vay, véi hai tudn
c6 s6 lan mat mang rat it da 1am cho udc lugng ciia ti 16 trung binh giam tir 4 xudng thanh 2.
2.1.2. Ho Béta lién hop voi mo hinh nhi thirc
Mot mau tir phan phdi nhj thirc B(k,0) (gia st k da biét) co:

£(x10)=T]Cro" (1-0)" ~ 6% (1-6)" 2

i=1

Mat d6 ctia phan phdi tién nghiém Bé ta(a, £) 1a mot ham cia 8 ¢6 dang twong tu nhu sau:
z(0)~0°"(1-0)"";0<0<1

Do do, mat do hau nghiém cua 0 la:

a+ixl—l +nk— 3 x;—1
7(0]x)~ f(x|0)x(0)~0 = (1-0)"" %,

Va day 1a phan phdi Beta v6i tham s6 méi:
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n n
a, :()Hrz:xi;ﬂ)C :ﬁ+nk—2xi
i=1 i1

Nhén xét

e Ho céc phan phdi tién nghiém Beta lién hop v6i mé hinh nhi thirc.

e Cac tham sé hau nghiém la: &, = OH—in;ﬁx :ﬂ+nk—2xi

i=1 i=1
2.1.3. Ho Chudn lién hop véi mé hinh chuin

Xét mot mau tir phan phdi chuan véi trung binh p chua biét va phuong sai 0% di biét:
1| (x-6) v (x,-6)
x|0)= - ~exXpi—) ————

X, n = 0 \n
~ eXp {9 Zo-z —92 20_2 } =exXp {(HX —7]?}

Néu phan phdi tién nghiém cua @ ciing 1a phan phdi chuan, véi trung binh tién nghiém 13 p va

phuong sai tién nghiém la 72, khi do:

ﬂ(9)~exp{(92;l)2}~exp{[9 —%]Ti}

Nhu vdy, phan phéi tién nghiém cia 6 ciing c¢6 dang twong ty nhu [ (xl 9).

Phén phdi hau nghiém cua 6 la:
X 0 1
ﬂ(@]x)~f(x]@).ﬂ(0)~exp{@(’;—z+%j—5(%+r—zj}
0—u, ?

2 1

T

+

Véi u, = =
M n, 1
o’ T

+

U= Ay
“‘N‘ —_ qm‘h

Phan phdi hau nghiém nay ciing 1a phan phbi Chuéan vé6i cac tham sé 4,7, .
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2.2. Cac tién nghiém khong lién hgp (non-conjugate priors)
2.3. Uéc lugng Bayes

DPé uéc lugng 6, ta tinh trung binh hau nghi€ém mot cach don gian nhu sau:

o Oroiracthi: §,=E{0| X =x} Zﬁﬂ(ﬁlx 2.0f(x10)x ()

> f(x10)x
jef(xw);z(e)de
jf(xw);z(e)de

Két qua 1a mot ky vong c6 diéu kién ctia 0 voi dit liéu X cho trude. Noi mot cach triru tuong, wdc

e 6 liéntucthi: §, = E{0| X =x} = [0r(0| x)d0=
4

lugng Bayes 8 1a gia tri udc lugng cho 0 sau khi da quan sat mot mau.

Dit liéu X
f(x16)

l Uéc luong
Tién nghiém Cong thire Hau nghi¢m Kiém dinh
7(6) Bayes m(8]x) Ra quyét dinh

Trong sd tat ca cac ude lugng, éB =FE {0 ] x} ¢6 binh phuong sai s6 rai ro hdu nghiém nhé nhat

p(6)=E{(6-0) 1x =]

Vi ude luong Bayes éB =E{0| x} , riii ro hau nghiém bang véi phuong sai hau nghiém:

p(é)=E{(E{e|x}—9)2 |x} = E{(0-E{0]x})|x}=Var{0]x},
Vi du. Uéc luong Bayes cho trung binh 8 ctia phan phdi chuan N (6, 62) véi tién nghiém N (u, 72)

la:

1

A

Op = ph, =~

va rui ro hdu nghiém la: p(éB) = 7
PR
oo T

qw‘ S qw‘ S |
'ﬂw‘,_.'ﬂw‘h

Vi du. Sau dir li¢u hai tudn vé ti 16 mat mang trong vi du trudc, ta da c6 phan phéi hau nghiém voi

cac thamsé a,, = 6 val, = 3.
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U6c lugng Bayes cua ti 1€ 6 1a:

W N

2.4. Khoang tin cay Bayes

Khoang tin cdy c6 ¥ nghia hoan toan khac nhau trong phan tich Bayes. Vi phan phdi hau nghiém
cua 0, ta khong giai thich do tin cay (1 — a) theo huéng dai han cta cadc mau. Thay vao do, chiing
ta ¢6 thé dua ra mot khoang [a, b] hodc mot tap hop C c6 xac suét hau nghiém (1 — o) va no6i rﬁng
tham s 0 thudc vé tap hop nay voi xac suét (1 - o). Tap hop nay dugc goi la tép tin cay (1 —
a)100%.

Dinh nghia
Tap hop C 1a tap tin cay (1 — @)100% cho tham sé 8 néu xac suat hau nghiém dé 0 thudc tap hop
C bang ding (1 — a). Nghia 1a:
P{0eC| X =x}=[z(0]x)d0=1-a
c

Cuc tiéu do dai cua tap C trong tit ca cac tap tin cy (1 — a)100%, ta chi cdn bao gdm tit ca cac
gia tri cia tham s6 0 v6i mat do hau nghiém m(6|x) cao (HPD), nghia la:

C={6’:7r(¢9|x)20}
Tap tin cdy mat d cao hau nghiém cao nhét (1-a)100% dugc minh hoa nhu trong hinh sau:

y wil|E)

2.5. Suy dién tin ciy cho til¢ p
2.5.1. Sir dung phén phéi tién nghiém beta(a, b)
Khi d6 phan phdi hau nghiém ctia p|y 1a phan phdi beta(a’,b’). Khoang tin ciy Bayes 95% véi

dién tich bang nhau ¢ hai dudi cho p c¢é thé dugc tim thay bang cach liy chénh léch giita phén vi
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thir 97,5 va phan vi thir 2,5. Véi a’ > 10 va b’ > 10, ta co thé xap xi phan phdi hau nghiém
beta(a’,b") bang phan phdi binh chuan N(m’, (s')?) véi:

! Iy !

! a \ "2 a'b
m = va (S =
a’+b’ ( ) (a’+b")2(a’+b'+1)

Khi d6, tap tin ciy (1 — @)100% cta tham sb p 1a: m' + za X s'.
2

Vi du. Mot nghién ciru vé ty 1€ sinh vién ctia mot truong dai hoc ¢ thoi gian ng it nhat tam gio
mdi dém. Khao sat mot mau ngiu nhién gdm 27 sinh vién tir truong dai hoc do thi ¢6 11 sinh vién
cho biét ho ngu it nhét tdm gio mdi dém. Goi 6 13 tham sb tong thé dang duoc quan tim. Gia st
phan phdi tién nghiém cua 0 1a Beta (3.3,7.2). Hay xay dung mot tap tin cdy HPD 90% cho 6.
Ta c6, phan phéi hau nghiém cta 6|y = 11 1a:
o111~ Beta(11+3.3;27—11+7.2)
~ Beta (14.3; 23.2)

Véia' =10 vab' > 10, ta c6 thé xap xi phan phdi hau nghiém beta(a’, b") bang phan phdi binh

chuén N(m’, (s")?) véi:

, a' 14.3

m=——= =0.381va(s")? =
a'+b’  14.3+232

a'p’ 14.3x23.2

(a’+b")2(a’+b'+1) - (14.3+23.2)2(14.3+23.2+1) = 0.00613

Do d6, tap tin cdy 90% cua tham s6 8 1a:
m' + za X s' = 0.381 + 1.645 x 0.078 = (0.253; 0.509).
2

Néu khéng ding cdach xap xi phan phoi Beta bang phdn phéi chudn, ta c6 thé tim tdp tin cdy 90%
cho 0 bang dinh nghia két hop véi sw hé tro ciia phan mém R nhw sau:
Theo dinh nghia, ching ta can tinh cac xac suat:

P (0 < alx) = 0.05va P (0>bfx)=0.05détim hai sbavab.
Nhu vay, dé tim a va b, chung ta can tinh cac tich phan sau:

a 1
[ Beta(14.3,23.2)d0 = 0.05 va [ Beta(14.3;23.2)d6 = 0.05
0 b

Vi phan phéi Beta(14.3,23.2) duoc cho nhu sau:

r(37.5)

/16)= r(14.3)r(23.2) 0 (1-0)

Phan mém R s& hd trg cho viée tinh cac tich phan nay bang code sau:
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Code R:

a=33
b=7.2
n=27
x =11
a.star = xta

b.star = n-x+b

a = gbeta(0.05,a.star,b.star)

b = gbeta(1-0.05,a.star,b.star)
round(cbind(a,b),3)

Két qua thu duge nhu sau:

a b
[1,] 0.256 0.514

2.5.2. Sir dung phén phéi tién nghiém Gamma(a, 1)
Vi du. Mot cong ty dién thoai méi du doan s& xir Iy trung binh 1000 cudc goi mdi gid. Trong 10
gid hoat dong dugc chon ngiu nhién, né da xur Iy 7265 cudc goi.
a) Udc lugng ban dAu vé tan suét cua cac cudc goi dién thoai?
b) Xay dung mot tap tin cdy HPD 95% , biét rang sd cudc goi dién thoai dugc xtr Iy mdi gid
tudn theo quy luat Poisson. Ty 1& cudc goi hang gid c6 phan phdi tién nghiém 1a phan phi
m.
Goi @ 1a tan sut cla cac cudc goi dién thoai, ta can tim udc lugng Bayes cho 6.
Ta c0, s6 cudc goi trong mot gid c6 phan phdi Poisson P(0) voi tham sb 6 chwa biét va phan phdi

tién nghiém 1a Exp(A4)=Gamma(1,1).

Theo d bai, ta co: £(6)=—=1000=>2=0.001.

b
A
Va véi c& maun = 10, ta co: ZX, =nX =7265.
i=1

Khi d6, phan phdi hu nghiém 1a Gamma (., A, ) véi;

a, =a+nX =7266
A, =A+n=10.001

33




) a
Phan phoi nay c6 trung binh: x4, = /{

X

=726.53

Va d6 1éch chudn: 7, = j— ~72.65

2
a) Suy ra udc lugng Bayes cua 6 la: E(t9| X) = i =726.53 cudc goi mdi gio.

b) Vi @, du 16n nén phan phéi hdu nghiém Gamma xap xi voi phan phdi chuan N ( ,ux,rf) .

Do do, tap tin cady HPD 95% dugc cho 6 nhu sau:
M, F 205 X7, =726.53£1.96x72.53 =[584.14;868.92]

2
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