Chuong 3: RA QUYET PINH (DECISION MAKING)

1. Céc ton that va ra quyét dinh (losses and decision making)
Ham ton that

Pinh nghia 1.  Ham ton that 1 mot ham sb tir L tir D X © vao [0, +00].
Ham t6n that danh gia mac phat (sai s6) L(d, 8) khi quyét dinh d véi tham sé nhan gia tri 6.
Mot nén tang co ban cta ly thuyét quyét dinh Bayes 14 suy luan thong ké duoc bt dau tir viéc xac
dinh ba nhan to:

e Ho cac phan phdi xac sudt cia cac quan sat f(x|6)

e Phan phdi tién nghiém cua cac tham sé m(8)

e Quyét dinh v6i ham ton that twong tng L(d, 6).
Ra quyét dinh
Ttr quan diém cta 1y thuyét quyét dinh, mé hinh thdng ké dugc xac dinh boi ba khong gian: X 1a
khong gian cac quan sat, © 1a khéng gian cac tham sé va D 1a khong gian cac quyét dinh. Cac
quyét dinh c6 vai trd quan trong trong bai toan phén tich rii ro.
M@t s6 ham tén thit (loss function) thong dung
Ham ton that 1a sai s giita gia tri dung (khong biét) 8 va gia tri u6c lugng 8, thong thudng c6 3
dang ham phd bién la:

a. Ham t6n that dang binh phuong (quadratic loss)

L(8,0) = (8 -0)°
b. Ham tén that dang tri tuyét dbi
L(6,0) =16 — 9|
c. Ham ton that dang 0-1

Trong wéc lugng diém ciia thong ké Bayes:
e Néu chon ham t6n that dang binh phuong thi uéc luong diém Bayes t6i wu 13 trung binh
ctia phan phdi hau nghiém
e Néu chon ham ton thit dang tri tuy¢t ddi thi wdce luong diém Bayes tdi wu chinh 1a trung vi
ctia phan phdi hau nghiém

e Néu chon ham ton that dang 0-1 thi wdc luong diém Bayes tdi wu chinh 1a s6 yéu vi cia
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phan phdi hau nghiém.
D¢ chinh xdc trong woc lwong Bayes
Gia str phan ph6i hau nghiém 7(8|x), udc luong diém 87 (x) ciia h(8). Khi d6, d chinh xac ctia
wdc lwong dugce tinh thong qua sai sb binh phuong hau nghiém (the posterior squared error):
E™[(67(x) — h(8)) x|
Nhan gié tri bang var™(h(6)|x) khi 6™ (x) = E*[h(8)|x].
2. Bai toan kiém dinh gia thuyét trong thong ké Bayes

Gia st mau ngau nhién x4, x,, -+, X, bao gdm cac quan sat doc 14p va cung tudn theo mot
phan phbi xac suat f(x), trong d6 tham sb ciia phan phdi x4c suit tuan theo 1a 6, nhan cac gia tri
trong khong gian cac tham s6 ©.

Xét mot tAp con cac gid tri cua © 1 ©,, trong Gmg v6i gia thuyét (the null hypothesis) trong
bai toan kiém dinh gia thuyét (the hypothesis testing):

Hy,:0 € 0,

Suy ra, cac gia tri ©; = 0\0, twong tng voi dbi thuyét H, trong bai toan kiém dinh gia
thuyét. Khi d6, bai toan kiém dinh gia thuyét 1a truong hop riéng ciia bai toan lya chon mo hinh
(the model choice problem). Cac quyét dinh trong bai toan kiém dinh gia thuyét duoc dya vao
nhan t6 Bayes.

Nhan té Bayes
Pinh nghia 2.  Nhén t6 Bayes (the Bayes factor) 1a ty 1¢ giira xac suit hau nghiém cua gia
thiét va ddi thiét so véi ty 16 ciia xac suat tién nghiém cua gia thiét va d6i thiét, tac 1a
P(0 € Oplxq, x5, , X0)
_ P(x1,%3,,x,|60 € O) _ P(6 €04]xq,x5,+, xp)

_P(xl,xZ,"',xnIH E@l) B T[(HE@())
(6 € 0,)

s
B01

e Néu BT, < 1 thi bac bo H,
e Néu BY, > 1 thi chua c6 co sé bac bo H,
Trong truong hop don gian nhit, ©, = {6,} va ©; = {6;}, khi d6 nhén t5 Bayes chinh la
ty s6 hai ham hop 1y véi cac gia tri ctia tham sd ci nhan 1an luot mot gia tri:

f (1, %, x0[6)
f(xlleI “"xnlel)

Trong hau hét cac trudng hop, nhan t6 Bayes phu thudc vao thong tin tién nghiém.

Y —
BOl_
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Bai todn kiém dinh hai phia
Bai toan kiém dinh
Hy:0 =6,
Hi:0 + 0,
M&c y nghia «
Tinh mién mat do xac suit cao nhit voi xac suit (1 — a).
e Néu mién mat do xéac suit cao nhat chira gia tri 6, thi chua c6 co s bac bo Hy, chz?ip nhan
6 =0,.
o Néu mién mat do xac suit cao nhat khong chua gia tri 8, thi bac bo Hy, tirc 1 6 # 6,.
Bai todn kiém dinh mgt phia
Bai todn kiém dinh
Hy:0 = 6,

{HO:B <6
Hi:0 <0,

Hy: 0 > 6, 103¢ {
Tinh gia tri nhan t6 Bayes va dua ra quyét dinh bac bo H, hay khong.

3. Suy luin trung binh ciia mot tong thé tuin theo phan phéi chuin

Gia sir mau ngiu nhién bao gdm cdc quan sat xy, x,, -+, X, doc ldp va clung tuan theo mot phan
phéi x4c suat, véi ham mat do xac suat 1a f(x;|0).

_(xi—86)2

e 20?2
V2mo

f(x:16) =

Khi d6, ham hop ly c6 dang (Lindley, 2011):

- R = R S,
l(xl,len.-,xnle) = Hf(xlle) = n e 20-2 — e 20_2 ]
i=1 i=1

V2no V2mo
Céc phan tich dira vao phan phdi hau nghiém duoc tinh toan dua vao cac truong hop thong tin tién
nghiém:
Trwong hop tién nghiém déu

Gia st phan phéi tién nghiém cho tham sd trung binh cta tong thé 8 c6 dang

m(6) o< 1
Suy ra phan phdi hau nghiém cho tham sé trung binh tong thé 8 c6 dang
_(6-%)"
S (xi-6)? S (6-%)° +n(X-6)" 2(1)2
T[(elxll xz:“‘;xn) X e 20'2 =e 20-2 X e \/ﬁ )

Khi d6, phan phdi hau nghiém ctia tham s6 trung binh tong thé 6 tuan theo phan phéi chuan
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2

X1+xp+ Xy .o
=2~ "% va phuong sai —.

v6i trung binh X =
Vidu 1. Gia st mau ngu nhién gdm 10 quan sat tir phan phdi chuan N (u, 0%) véi gia dinh
d3 biét phuong sai 02 = 4 véi mau ngdu nhién
3.07 751 595 6.83 880 4.19 744 706 9.67 6.89
Gia st tién nghiém cho tham s6 trung binh tong thé 6 = u 1a phan phdi déu. C6 thong tin cho rang
trung binh cia tong thé bang 7. Hay kiém dinh lai thong tin trén véi mirc ¥ nghia 5%.
Giai:
Phén phdi hau nghiém cta tham s trung binh téng thé 8 = u 1a phan phdi chuan véi trung binh

4
X =6741,0%=—=04

10
Kiém dinh hai phia vé trung binh tong thé
{HO: 0=7
Hi:0 +7

Khoéng uéc luong tham sé trung binh tong thé 6 = u véi do tin cdy 95% la
0=u= (Y + ng’) = (6.741 + 1.96 X \/0.4) = (5.50138715721,7.98061284279)
2

Ta c6 gia tri 7 thudc vao khoang ude lugng, do doé chua c6 co so bac bé Hy.
Truwong hop tién nghiém lién hop
Gia str phan phdi tién nghiém cho tham sé trung binh tong thé 8 = u ciing tuan theo phan phbi
chudn N (i, 02). Khi @6, phan phdi hau nghiém dugc xac dinh thong qua cac dinh 1y sau:
Dinh Iy 1. Gid sit x tudn theo phdan phéi chuan N (6, 02), véi gid sic o da biét, dong thoi phin
phoi tién nghiém ciia 0 la N(ug, 02). Khi d6 phan phéi hdu nghiém cia 0 la phin phoi
chudn N (u,, 02), trong dé

X Ko

02+a§ 1 1 1
= ==t

1,10 g

o 0,

Hé qua 1. Gia sir mau ngiu nhién x;, X, -+, X, bao gdm n quan sat doc 1ap véi nhau va cling
tuan theo phan phdi chuan N (6, 0%), trong d6 o da biét va gia dinh phan phdi tién nghiém
cho tham sé trung binh téng thé 8 = p 1a N (i, 0). Khi d6, phan phdi hau nghiém cho
tham s trung binh tong thé 6 = u 13 N(u,,, 02) trong d6
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o o 1 n 1

l,l. :——:—+_

"on 1% 0% of
g2 ag

X1+Xo+ Xy

Trong d6 X =
Vidu 1. Gia sir thong tin tién nghiém cho tham s trung binh cta tong thé 1a 15 dén 17. Khi
d6 phan phéi tién nghiém duore gia sit la N (16,7), tire 1a gy = 16 va o = 5.
Gia str mau ngau nhién gdm 10 quan sat bao gdm cac gia tri 16.11, 17.37, 16.35, 15.16, 18.82,
18.12, 15.82, 16.34, 16.64, 15.0
Khi d6 trung binh cua miu 1a X = 16.573
Do 1éch chuan ctia mau la o = 1.221939

Code R:

data=c(16.11, 17.37, 16.35, 15.16, 18.82, 18.12, 15.82, 16.34, 16.64, 15.0)

mean(data)

sd(data)
Thé vao cong thirc trong hé qua, ta c6
10 16
—1.2219392 X 16.573 + T
o = 4 163587407
— 101
1.2219392 " 1
4
= ! = 0.3057472
A I VR e
1.221939% " 1
4
Code R:
mu0 = 16
sig0 =1/2

n = length(data)

mul0 = (n*tbx/sig"2+mu0/sig0"2)/(n/sig"2 + 1/s1g0"2)
sigl0 = sqrt(1/(n/sig"2 + 1/sig0"2))

c¢(mul0,sigl0)

Do d6, phan phéi hau nghiém c6 dang N(16.3587407,0.30574722).
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Kiém dinh mot phia vé trung binh tong thé

4. So sanh trung binh ciia hai miu ghép ciip bing nhan t6 Bayes
Bai toan kiém dinh gia thuyét mot phia

{HO:H’d < 0
Hl:ﬂd >0

Trong d6 pg = pq — Uy 1a su khac biét gitra hai trung binh.
Theo théng ké Bayes, chiing ta s& tinh P(uy < 0|data), trong d6 data la cac quan sat tir hai mau

{%11, X12, **, X1n} VA {X21, X22, -+, X2 }. KEt qua twong duong

_m’ O_m’ ml
P(uy < 0Oldata) = P <Md 4 < d> =P <Z < —_,d>

! - !
Sqa Sqa Sq

5. So sanh trung binh ciia 2 miu doc lap
Gid dinh phwong sai hai tong thé di biét
Dinh ly 2. Gia sur X1 = {X11, X12,"**, X1n, } ld mau ngau nhién véi & mau ny chon ra tir tong
thé thit nhdt N (04, 02) va X, = {X51, X2, Xon,} ld madu ngdu nhién véi ¢& mau n, doc
chon tir tong thé thir hai N (85, 62). Gid sit phdn phoi tién nghiém ciia 6, va 8, doc ldp voi

nhau va cing tudn theo phdn phoi déu nhdn gid tri trong khodng (—oo0, +00). Khi d6, phin

2

r r r 2 — — Z
phoi hau nghiém cho tham so 6 = 0, — 0, la phan phoi chuan N (x1 — xz,z—l + Z—Z) trong
1 2

do x1,%x, twong ung la trung binh ciia hai mau.

6. Suy luin Bayes cho ty 1¢ trén mot tong thé
Gia su thuc hién n phép thir doc 1ap, trong do Kkét qua cho mdi phép thir ¢ hai trang thai 1a thanh
cong hoac that bai.
Ty 1& s6 phép thir thanh cong trong n 1an thir 1a 6. Khi d6, phan phdi xac suét ¢6 x lan thanh cong
trong n phép thir s& tuén theo phan phéi nhi thirc bino(n, #). Tuc 14,

f(x|8) = Cy6*(1—0)" .
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e Néu sir dung tién nghiém déu, tirc 1a (8) = 1 thi phan phdi hau ngihém c6 dang
n(f]x) = CyO*(1 —6)"*.
R& rang, trong trudng hop nay, phan phdi hau nghiém ty 18 véi ham hop 1y.

Céc két qua wéc luong cta phan phdi hdu nghiém dya vao phan phdi nhi thiec.

e Néu st dung tién nghiém lién hop dang phan phdi beta beta(a, b), tic 1a

_T(a+b)
" T(@)T(b)

Do d6, phan phéi hau nghiém dwoc xac dinh
n(@lx) e 0a+x—1(1 _ 9)b+n—x—1'

Chung ta nhan thay rang, phan phdi hau nghiém twong tng voi phan phdi beta véi cac tham

m(6) 0 1(1-0)>"10<6 < 1.

sba'=a+xvab =b+n—y.
Cac két qua udc luong dua vao phan phdi beta, trong d6 s6 yéu vi hau nghiém 1a (Bolstad, W. M.,
& Curran, J. M., 2016)
a —1
b —2
Trung binh hau nghi¢m (Bolstad, W. M., & Curran, J. M., 2016)

!

a
a +b

mode =

mean =

Phuong sai hdu nghiém

a'b’
(s)? = :
(@ +b)%@+b"+1)
Kiém dinh Bayes cho bai toan kiém dinh gia thuyét mot phia
{HO: 7] < 00
Hl: 6 > 90
V61 muc y nghia a.
Tinh x4c suat hau nghiém cia gia thuyét

To
P(Hy: 0 < 6ylx) = J- m(0]x)d6.

0
Bac bo H, néu xéac suit hau nghiém nhé hon mirc ¥ nghia a.
Bai toan kiém dinh hai phia
{HO: 0= 00
Hl: 7] * 90
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Tinh khoang u6c lugng (1 — @) x 100% cho tham s6 6, néu c6 chira gia tri 6, thi chap nhan H,,
nguoc lai bac bo Hy.

Code in R

pbeta(6,, shapel = 1, shape2 = 5, lower.tail = TRUE, log.p = FALSE)
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